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1. Introduction
In this work we consider the nonlinear parabolic equation{
∂tu−∇ · (D(u)∇u+ K(u)) = 0 in (0, T ] ×Ω,
u(0, x) = u0 inΩ and u = 0 on (0, T ] × ∂Ω, (1.1)
where u is the unknown,D : R→ R and K : R→ Rd, where d = 2, 3, are continuous functions, T > 0, andΩ is a polygonal
convex domain in Rd with Lipschitz continuous boundary ∂Ω . The problem (1.1) includes Richards’ equation which models
the flow of water in porousmedia. In this case, u is the dimensionless fluid content, D the diffusivity and K the permeability;
see [1].
In the last decade, numerous papers have been devoted to the computational aspects of (1.1) and its numerical analysis.
In numerous applications, for example to the flow in porous media, it is important to have an accurate approximation of
the flux. The Euler method for the time discretization and mixed finite element methods for the space discretization are
often employed since they provide a good approximation of the flux. For Richards’ equation, in [2,3] a mixed formulation
based on a Raviart–Thomas finite element space is analyzed and a hybrid finite element method is considered in [4]. In
[5] an expanded mixed finite element method is investigated providing certain advantages in numerical implementation.
Finite volume methods give also good results due to their local conservation properties; we refer the reader to [6] and
references therein. Nevertheless, the drawback of themixed finite elementmethods consists in their complex and expensive
implementation.
The aim of this work is to present a nonconforming (Crouzeix–Raviart) finite element scheme in space and an Euler
implicit scheme in time to approximate (1.1). The Crouzeix–Raviart finite element is endowedwith several advantages. First,
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the localization of the degree of freedom in the center of faces makes the parallelization easier. Second, a Crouzeix–Raviart
finite element scheme can be interpreted as a mixed finite element scheme called a finite volume box scheme. This method
consists in approximating the unknown u in the Crouzeix–Raviart space and the flux in the lowest Raviart–Thomas space in
the framework of a finite volume method defined on the primary mesh. Thus, on each element of the mesh the Darcy law
and the mass conservation equation are satisfied. This scheme was first introduced in [7] and further investigated in [8,9]
for the Poisson equation and in [10] for the Darcy equation in the case of strongly heteregeneous media. More recently, in
[11] the computational efficiency of a finite volume box scheme for addressing Richards’ equation has been investigated.
Other finite volume schemes based on the Crouzeix–Raviart element have been established in the literature, such as in [12]
for elliptic equations.
Moreover, in this work we derive space and time a posteriori error estimators using the technique developed in [13] in
a conforming setting. The advantage of this technique is that time and space errors indicators are uncoupled as much as
possible. Thus, at each time, the time error indicator can be used to refine the time step and then the space error indicators
can be used to refine or coarsen the mesh.
The work is organized as follows. In Section 2 we state the assumptions used throughout the work and a time
discretization of (1.1). In Section 3 we introduce a nonconforming discretization in space of (1.1) and derive a posteriori
error indicators. Section 4 presents the finite volume box scheme and Section 5 ends the work with conclusions.
2. Assumptions and time discretization
We first make some assumptions on (1.1).
(A1) D is continuously differentiable, satisfying, for D?,D? and α positive constants, D? ≤ D(x) ≤ D? and α ≤ |D′(x)|.
(A2) K is continuous, with K(0) = 0, and satisfies for all v,w ∈ R, |K(v)− K(w)|2 ≤ CK (v − w)(D(v)− D(w)).
(A3) u0 ∈ H10 (Ω).
(A4) u ∈ H2(Ω) ∩ H10 (Ω).
(A5) ∂2t u ∈ L2(0, T ;H−1(Ω)).
Then, under assumptions (A1)–(A3) the weak formulation of (1.1){
Seek u ∈ C0(0, T ; L2(Ω)) ∩ L2([0, T ];H10 (Ω)) s.t. for all t ∈ [0, T ]
(∂tu(t), w)+ (D(u(t))∇u(t)+ K(u),∇w) = 0 for allw ∈ H10 (Ω), (2.1)
has a unique solution.
Let 0 = t0 < t1 < · · · < tN−1 < tN = T be a partitioning of [0, T ] into variable time steps τn = tn − tn−1, n = 1, . . . ,N .
We set τ = maxNn=1 τn and discretize (2.1) in time as follows.{
Let n = 1,N and un−1 be given. Seek un ∈ H10 (Ω) s.t.
(un − un−1, w)+ τn(D(un)∇un + K(un),∇w) = 0 for allw ∈ H10 (Ω). (2.2)
Owing to (A1)–(A3), on choosing w = un and then w = τ−1n (un − un−1) in (2.2), summing over n = 1, k for any integer
k = 1,N lead to the following stability estimates. There are two positive constants C and C ′ such that
‖uk‖20 + D?
k∑
n=1
τn‖∇un‖20 ≤ C(1+ ‖u0‖20); ‖∇uk‖20 +
k∑
n=1
τ−1n ‖un − un−1‖20 ≤ C ′(1+ ‖∇u0‖20). (2.3)
Moreover, under the assumption (A5) for n = 1,N, the following error estimate holds:
‖u(tn)− un‖20 + Dmin
n∑
l=1
τl‖∇(u(tn)− un)‖20 ≤ C τ 2‖∂2t u‖2L2(0,tn;H−1(Ω)). (2.4)
Let us now consider a non-symmetric mixed formulation of (1.1).Let n = 1,N and u
n−1 be given. Seek (un, σ n) ∈ H10 (Ω)× H(div;Ω) s.t.
(un − un−1, v)+ τn(∇ · σ n, v) = 0, for all v ∈ L2(Ω),
(σ n, χ)+ (D(un)∇un + K(un), χ) = 0, for all χ ∈ [L2(Ω)]d,
(2.5)
where H(div;Ω) = { q ∈ [L2(Ω)]d, ∇ · q ∈ L2(Ω) }. Owing to density arguments the next result holds.
Proposition 1. Let n = 1,N and un−1 be given. Then un ∈ H10 (Ω) is a solution to (2.2) iff (˜un, σ n) ∈ H10 (Ω) × H(div;Ω),
defined as (˜un, σ n) = (un,−D(un)∇un − K(un)), is the solution to (2.5).
Our aim in this work is to propose a finite element approximation of (2.2) equivalent to a mixed finite element
approximation of (2.5). Thus, results obtained for one case can be transferred to the other one.
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3. A nonconforming space discretization
For anyn = 1,N we introduce (T nh )h a shape-regular family of triangulations ofΩ (it is implicitly understood that in three
dimensions, triangles should be replaced by tetrahedra). For a triangle κ ∈ T nh , let hκ be its diameter and set h = maxκ∈T nh hκ .
Let ∂κ denote the boundary of κ ∈ T nh . We denote by F nh the set of faces in T nh . For a piecewise continuous function ϕ on
T nh , [ϕ]F denotes the jump of ϕ across F ∈ T nh . For a boundary face, F , we identify [ϕ]F with ϕ. For any subdomain S ofΩ and
for k ≥ 0 we define by Pk(S) the space of polynomials on S with degree≤ k. We denote by (·, ·)S the usual L2 product on S
and by ‖ ·‖0,S the associated norm. Furthermore, for r ≥ 1we denote by | · |r,S the semi-norm onHr(S). For ease of notation,
when S ≡ Ω we drop the subscript Ω . Throughout the work, for any real a and b, the notation a . b means that there is
a positive constant C which does not depend on the time and space parameters such that a ≤ C b. Finally, C(?) denotes a
constant depending on ?.
We recall the nonconforming Crouzeix–Raviart finite element space defined in [14] by
P1nc,0(T
n
h ) =
{
vh ∈ L2(Ω); ∀κ ∈ T nh , vh|κ ∈ P1(κ); ∀F ∈ F nh ,
∫
F
[vh]F = 0
}
. (3.1)
For any piecewise continuous functions v and w we define the inner product (·, ·)h by (w, v)h = ∑κ∈T nh (w, v)0,κ and
denote by ‖ · ‖h its associated semi-broken norm. Let us denote by Ih the Crouzeix–Raviart interpolation operator defined
for v ∈ H2(κ) by ∫F Ihv = ∫F v with F ∈ F nh ∩∂κ.We define the projection operatorP nh : H10 (Ω)+P1nc,0(T nh ) −→ P1nc,0(T nh )
by
∑
κ∈T nh (D(v)∇(v − P
n
h v),∇wh)κ = 0 for allwh ∈ P1nc,0(T nh ). Owing to the interpolation error properties of Ih [14], the
operator P nh satisfies for v ∈ H2(κ)
‖v − P nh v‖0,κ + hκ |v − P nh v|1,κ . h2κ‖v‖2,κ . (3.2)
Let us now consider the following fully nonconforming finite element approximation of (2.1).{
Let n = 1,N and un−1h be given. Seek unh ∈ P1nc,0(T nh ) s.t.
(unh − un−1h , vh)+ τn(D(unh)∇unh + K(unh),∇vh)h = 0, for all vh ∈ P1nc,0(T nh ). (3.3)
Initially we take u0h = P 0h u0. The existence of a solution to (3.3) follows from a Brouwer fixed point argument. The proof of
uniqueness can be obtained like the one given in [15, Chapter 13] in a conforming setting.
Remark 1. In the case of time and space adaptive strategies the triangulation may change between tn−1 and tn. However, in
our adaptive strategy (see Section 3.2) the first triangulation at time tn is the last one at time tn−1; therefore we do not have
to interpolate un−1h on the current triangulation.
3.1. A priori estimates
On noting (A1)–(A3), choosing vh = unh and then vh = τ−1n (unh − un−1h ) in (3.3) lead to the following stability estimates.
For any integer k = 1,N
‖ukh‖20 + Dmin
k∑
n=1
τn‖∇unh‖2h . (1+ ‖P 0h u0‖20); ‖∇ukh‖2h +
k∑
n=1
τ−1n ‖unh − un−1h ‖20 . (1+ ‖∇P 0h u0‖2h). (3.4)
Proposition 2. Let assumptions (A1)–(A5) hold. Then, if u solves (2.1) and for any n = 1,N unh solves (3.3), the a priori error
estimate holds.
‖u(tn)− unh‖0 +
(
Dmin
n∑
l=1
τl‖∇(u(tl)− ulh)‖2h
) 1
2
≤ C(u) (τ + h2). (3.5)
Proof. We introduce enu = un − P nh un, ξ n = P nh un − unh and σ n = D(un)∇un + K(un). Then, owing to the definition of P nh
we have for any n = 1,N and vh ∈ P1nc,0(T nh )
(ξ n − ξ n−1, vh)+ τn(D(unh)∇ξ n,∇vh)h = (enu − en−1u , vh)+ (K(unh)− K(un),∇vh)h
− ((D(unh)− D(un))∇P nh un,∇vh)h + (un − un−1 − ∂tu(tn), vh)+ τn
∑
κ∈T nh
(σ n · ν, vh)∂κ , (3.6)
where ν is the normal vector to κ . The non-consistent term in the above equality is bounded by using the fact that the space
P1nc,0(T
n
h ) satisfies the patch test of order 0; see [14]. Hence,
∑
κ∈T nh (σ
n ·ν−Π0F (σ n ·ν), vh)∂κ ≤
∑
κ∈T nh hκ |σ n|1,κ‖∇vh‖0,κ ,
whereΠ0F is the L
2-projection onto P0(F). The remaining terms in (3.6) are bounded by usual techniques; see [15]. Choosing
successively vh = ξ n and vh = ξ n − ξ n−1 in (3.6) and noting (3.1), (A1)–(A5), (3.2), lead to the desired result (3.5). 
294 L. El Alaoui / Applied Mathematics Letters 22 (2009) 291–296
3.2. A posteriori error estimates
In this section we derive a time error indicator based on the ideas developed by Bergam, Bernardi and Mghazli in [13]
and space error indicators on extending the techniques derived in [10] for the Darcy equation.
We first introduce IOs : P1nc,0(T nh ) → P1nc,0(T nh ) ∩ H10 (Ω) ≡ P1c,0(T nh ) the so-called Oswald interpolation operator [10],
defined for any vh ∈ P1nc,0(T nh ) and any vertex s of T nh by IOsvh(s) = 1](T ns )
∑
κ∈T ns vh|κ(s),with T ns the set of elements in T nh
containing s and ](T ns ) its cardinal number. Furthermore, we make additional assumptions.
(A6) For n = 1,N there exists a regular family of triangulation (T̂ nh )h such that, for all h and n each element of T n−1h and T nh
is the union of at mostM elements of T̂ nh , withM > 0.
(A7) ∇un ∈ [Lp(Ω)]d for some p > d and sup0≤n≤N ‖∇un‖Lp(Ω)d ≤ C .
We set σ nh = Dh(unh)∇unh + Kh(unh)with Dh(v) = IhD(v) and Kh(v) = IhK(v). Then, we introduce the time error indicator
ηn = τ
1
2
n ‖Dh(unh)
1
2∇(unh − un−1h )‖h, (3.7)
the space error indicators
ηn,κ = hκ
∥∥∥∥ 1τn (unh − un−1h )−∇ · σ nh
∥∥∥∥
0,κ
+ 1
2
∑
F∈∂κ
h
1
2
F ‖[σ nh · ν]‖0,F , (3.8)
ηncn,κ =
(
‖(unh − IOsunh)‖20,κ + D?
n∑
l=1
τl‖∇(ulh − IOsulh)‖20,κ
) 1
2
, (3.9)
and for some p > d the pre-processing indicator
P = ‖u0 − P 0h u0‖0 + τ
1
2
1 ‖∇(u0 − P 0h u0)‖h + h1−
d
p (‖u0‖0 + τ 12 ‖∇u0‖0). (3.10)
Before stating some remarks and a posteriori error estimates, let us see how the error indicators can be used in practice,
[16].
• First, assuming that τn−1, T n−1h , un−1h are known, choose τn = τn−1 and T nh equal to T n−1h and compute unh and ηn. If ηn is
smaller than a given tolerance then proceed to the space adaptivity. Otherwise, refine the time step τn.
• Second, assuming that τn is known and unh is computed on T nh , then, compute ηn,κ and ηncn,κ to refine or coarsen the mesh.
Remark 2. The assumption (A6) comes from the fact that (3.8) involves un−1h and u
n
h which are defined on the two different
meshes T n−1h and T
n
h respectively.
The assumption (A7) is required due to the interpolation of D and K in (3.7) and (3.8).
Proposition 3. Let assumption (A1)–(A3) hold. Then, if for n = 1,N, u and unh are the solutions to (2.1) and (3.3) respectively,
we have the following upper bound of the error:
‖(u(tn)− unh)‖20 + D?
n∑
l=1
τl‖∇(u(tl)− ulh)‖2h .
n∑
l=1
η2l + τl∑
κ∈T lh
[η2l,κ + (ηncl,κ)2]
+ P 2. (3.11)
Moreover, under the assumption (A6) the following lower bound of the error holds:
η2n . ‖enu‖20 + D?
n∑
l=1
τl‖∇elu‖2h + ‖en−1u ‖20 + D?
n∑
l=1
τl‖∇el−1u ‖2h + C(u), (3.12)
and under the assumption (A7) , for all κ ∈ T nh ,
ηn,κ . ‖∇enu‖h,∆κ +
1
τn
‖enu − en−1u ‖H−1(∆κ ) + h1−
d
p ‖∇un‖h,∆κ , (3.13)
(ηncn,κ)
2 .
∑
κ∈Tκ
hκ‖enu‖20,κ +
n∑
l=1
τl‖∇enu‖2h, (3.14)
where∆κ and Tκ are the unions of elements of T nh sharing a face and a node respectively.
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Proof. The result (3.11) follows from [13] from which we get
‖(u(tn)− un)‖20 + D?
n∑
l=1
τl‖∇(u(t l)− ul)‖20 . ‖enu‖20 + D?
n∑
l=1
τl‖∇elu‖2h +
n∑
l=1
η2l . (3.15)
‖enu‖20 + D?
n∑
l=1
τl‖∇elu‖2h .
n∑
l=1
τl
∑
κ∈T lh
[η2l,κ + (ηncl )2] + P 2. (3.16)
The inequality (3.15) can be proved as in [13]. For the proof of (3.16) we proceed as in [10], namely we set wn = un − vnh
with vnh = IOsunh ∈ P1c,0(T nh ) and note that
‖un − vnh‖20 + D?
n∑
l=1
τl‖∇(ul − vlh)‖2h = (enu, wn)+ D?
n∑
l=1
τl(∇(ul − vlh),∇wl)h + (unh − vnh , wn)
+D?
n∑
l=1
τl(∇(ulh − vlh),∇wl)h =: E1 + E2.
The termE1 is bounded by using usual techniques [13]; thus owing to (A1)–(A3) and (3.4)we get
∣∣E1∣∣ .∑nl=1 τl∑κ∈T lh η2l,κ+
P 2. For γ > 0 we bound E2 as∣∣E2∣∣ ≤ 1
4γ
(
‖unh − vnh‖20 + D?
n∑
l=1
τl‖∇(ulh − vlh)‖2h
)
+ γ
(
‖un − vnh‖20 + D?
n∑
l=1
τl‖∇(ul − vlh)‖2h
)
.
Hence, an appropriate choice of γ leads to the desired result (3.16).
Finally, we refer the reader to [13,10] and [10] for the bounds (3.12), (3.13) and (3.14) respectively. 
4. A finite volume box scheme
As we have outlined in the introduction that the accuracy of the approximation of the flux is of great importance. In this
section we present a finite volume box scheme which is a finite element approximation of (2.5) equivalent to (3.3) with a
slight modification.
Let us recall the Raviart–Thomas finite element space
RT 0(T nh ) = {q ∈ H(div;Ω) : q|κ = a+ bx for all κ ∈ T nh , a ∈ Rd, b ∈ R}.
We denote by Π0 the L2-orthogonal projection onto the space of piecewise constant functions P0(T nh ) and by Πκ the L
2-
orthogonal projection onto P0(κ)with κ ∈ T nh .
The finite volume box scheme reads as follows.Let n = 1,N and u
n−1
h be given. Seek (u
n
h, σ˜
n
h ) ∈ P1nc,0(T nh )× RT 0(T nh ) s.t.
(unh − un−1h , vh)+ τn(∇ · σ˜ nh , vh) = 0, for all vh ∈ P0(T nh ),
(σ˜ nh , χh)− (D(unh)∇unh + K(unh), χh)h = 0, for all χh ∈ [P0(T nh )]d.
(4.1)
Remark 3. The problem (4.1) can be interpreted as a finite volume scheme since the test functions are localized on themesh
cells ensuring the local conservation property (Proposition 4 below).
Proposition 4. (unh, σ˜
n
h ) is the solution to (4.1) iff u
n
h is the solution to the following problem.{
Let n = 1,N and un−1h be given. Seek unh ∈ P1nc,0(T nh ) s.t.
(unh − un−1h ,Π0vh)+ τn(D(unh)∇unh + K(unh),∇vh) = 0, for all vh ∈ P1nc,0(T nh ), (4.2)
and for all n = 1,N and κ ∈ T nh
τn∇ · σ˜ nh |κ = −Πκ [unh − un−1h ]. (4.3)
Moreover,
τnσ˜
j
h(x)|κ = τnΠκ(D(unh))[∇unh|κ +Πκ(K(unh))] −
1
d
Πκ [unh − un−1h ]piκ(x), (4.4)
where piκ(x) = (x1 − gκ,1, . . . , xd − gκ,d), with (x1, . . . , xd) the cartesian coordinates and (g1,κ , . . . , gd,κ) the coordinates of
the barycenter of κ .
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Proof. For n = 1,N, let (unh, σ˜ nh ) be the solution to (4.1). Let vh ∈ P1nc,0(T nh ). Choosing χh = ∇vh ∈ [P0(T nh )]d and noting
that (σ˜ nh ,∇vnh)h = (∇ · σ˜ nh , vh) = (∇ · σ˜ nh ,Π0vh) yields (4.2). The result (4.3) directly follows from (4.1). The equality (4.4)
is deduced from the fact that for any qh ∈ RT 0(T nh ) and κ ∈ T nh , qh(x)|κ = Πκqh + 1d (∇ · qh)piκ(x), from (4.1) and (4.3).
For n = 1,N let unh be the solution to (4.2). On noting (4.3) and (4.4), (4.2) is readily inferred. 
Remark 4. The a priori analysis of (4.2) can proceed as in Proposition 3 thanks to the L2-stability property ofΠ0. Therefore,
we can infer that
∑N
n=1 τn‖σ˜ n − σ˜ nh ‖20 ≤ C(σ˜ ) (h4 + τ 2).
Remark 5. The reconstruction formula (4.4) is the L2-projection onto P0(T nh ) of the flux plus a linear correction term. This
reconstruction allows us to solve the primal formulation (4.2) and then using (4.4) to compute the flux on each element of
the triangulation.
Owing to the stability estimates (2.3), (3.4), the L2-stability property ofΠ0 and (3.16), we easily infer the following result.
Proposition 5. Let assumptions (A1)–(A4) and (A6)–(A7) hold. Then, if for n = 1,N, (un, σ˜ n) and (unh, σ˜ nh ) are the solutions
to (2.5) and (4.2)–(4.4) respectively, we have
N∑
n=1
τn‖σ(tn)− σ˜ nh ‖20 .
N∑
n=1
η2n +
∑
κ∈T nh
[η2n,κ + (ηncn,κ)2] + P 2. (4.5)
5. Conclusions
In thisworkwe have analyzed a nonconforming finite element approximation for a class of nonlinear parabolic equations
including Richards’ equation. We have shown that upon a slight modification this approximation is equivalent to a finite
volume box schemewhich is actually a nonconformingmixed finite element approximation. Thus, solving this finite volume
box scheme consists in solving a primal scheme of size the number of faces (i.e. number of degrees of freedom) and
calculating on each element of the triangulation the velocity thanks to a reconstruction formula. Therefore, the time and
space error indicators that we have derived for the (primal) nonconforming approximation can be transferred to the finite
volume box scheme leading to a posteriori error estimates for the flux.
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